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Abstract. We introduce vector phase states for multipath quantum interferometry and construct
the vector phase positive operator-valued measure. We calcllla® phase distributions for
three-path quantum interferometry and discuss measurement limits.

1. Introduction

Precise interferometric measurements of phase shifts are important for many applications, yet
complementarity between particle number and phase limits the amount of information which
can be extracted from the interferometer [1]. These limits are well understood in the context of
two-path interferometry, but the development of multipath quantum interferometers (MQI) [2]
raises issues about the bounds to estimating simultaneous multiple phase shifts [3,4]. Our
aim is to establish rigorous bounds on estimating this multiple phase shift. Specifically, we
(1) employ theSU (N) group to describe the interferometer and identify the Fock basis for the
input state with the (Cartan) weight basis, (2) developstti€N) ‘vector phase’ state (VPS) as

the dual basis to the weight states [5], (3) present a class of MQI designs for which a ‘rotated’
VPS basis is translated by MQI, (4) determine ‘vector phase’ distributions for states which can
be studied via parametric estimation theory, (5) establish the relation between bounds on vector
phase measurement in connection with the Fisher information matrix [6], and (6) calculate and
plot SU (3) vector phase distributions.

Lie group theory provides the natural language for describing interferometry as a set of
unitary transformations. Forasingle-mode field, itis sufficientto introduce the annihilation and
creation operators, anda®, plus the identity operator, which together span the Heisenberg—
Weyl (HW) algebra. The Fock number stafés)} are eigenstates of the unitary phase-shift
operator

expiga’a). (1.1)
Whereas the Fock state is an eigenstate of the phase-shift operator (1.1), the unnormalized
phase state [1, 7]
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is translated tq6 + ¢) by this unitary phase-shift operation. Consequently, the phase state
basis is dual to the Fock basis, in the same sense that the position and momentum bases are
dual, and the phase basis allows rigorous bounds to be established on the information which
can be extracted by phase measurements [8].

Optimal extraction of phase-shift information corresponds to application of the
infinitesimal positive-operator valued measure (POVM) [H(d) = |¢){(¢p|du(¢) with
du(¢) a measure that guarantees normalization of the POVM and ensureskifat id a
resolution of the identity. Although not directly measurable in practice, the POVM has proven
useful in establishing ultimate bounds to the information which can be extracted by any phase
measurement.

Recognizing that passive, linear interferometry involves the mixing of at least two fields via
SU (2) optical elements [2,10], a (scalar) phase POVMS01(2) has been introduced [11,12].
Inthis approach, an arbitrary input state can be decomposed into a direct sum of states in distinct
finite irreducible representations (irreps). In a lossless two-path quantum interferometer,
particle number is conserved, arfl/(2) symmetry is preserved at each interferometer
element [10].

Here we extend th8U (2) analysis to analyse vector phase measurement for MQI, which
is characterized by as\U (N) symmetry [2]. We applsU (N) transformations to the study of
SU (3) quantum interferometry in general, and symmes$iit(N) interferometry in particular.
For N = 3, we calculate and pldtU (3) vector phase distributions for certain states and study
the scaling of the distribution widths with respect to the irrep parameter.

2. The interferometer transformation and representations

Lie group theory is applicable because we can treat the lossless system as a system which
conserves particle number. This conservation law is a consequenceSif {h) symmetry

of the interferometer, and this conservation principle applies at each of the optical elements.
These elements can mix two fields together (labelled, for exampleaad!) or act on just

one field to shift the phase. As particle number is conserved at each passive, linear, lossless
optical element, it is convenient to introduce the Hermitian operators

M,f = a,:rak
M. = a,:ra, + alTak (2.1)
Mlk = i(a,jal - a,Tak)

fork <1 < N, where{(ay, a,;r)|k € Zy'} are the field annihilation and creation operators.

The unitary transformation, corresponding to a passive, linear, lossless optical element
(including a beam splitter, a mirror and/or a phase shifter), can thus be expressed as [10]

RL(Q) = explif - (M}, M}, M{ — M))}. (2.2)

The 50/50 beam splitter correspondg?tp(n/4, 0, 0) and the phase shifter ﬂaﬁc(o, 0, ) (for
the mirroré = 7). An arbitrarySU (N) transformation can be expressed as

N

I(Y) = exp(i > T,"M,i) (2.3)
k=1

with real N x N matrix Y. This transformation can be decomposed into a sequersg ¢f)

transformations [2, 13] indicating that a quantum interferometer consisting entir§ly ()

elements can realize an arbitra8¥/ (N) quantum interferometer. The decomposition of the

transformation (2.3) into a sequenceSdf (2) transformations is not unique.
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The unitary operator (2.3) thus describes any passive, linear, lossless interferometer
transformation of an input state into an output state. Ther&/are1 independent coefficients
Y} inthe exponent of (2.3) which are determined by parameter choices for the optical elements.
We assume that the beam splitter reflectivities are completely known, and the unknown
parameters, which will be estimated, are ffie- 1 phase shifts in each path of the quantum
interferometer. These unknown phase shifts are represented Ny-ah)(dimensional ‘vector
phase'¢ = (¢;), with 0 < ¢; < 2. That is, the vector phase is confined to a hypertoroidal
domainS® x St x .- x St

Although there ar&v — 1 distinct Casimir operators f&#U (N ), the specification of the
normalized particle number sum

N
S=NT1Y M (2.4)
k=1

is sufficient to determine an irreducible representation agvitiield state consists solely of
bosons: only the symmetric irreducible representation appears. The Cartan subalgebra of
SU(N) is spanned by — 1 linearly independent components of the operator

hy = M" — M"}} 1<n<N-1 (2.5)
For a given irrep (determined k), we introduce the orthonormal bagjsm)} such that
Slsm) = s|sm) h|sm) = m|sm) (2.6)

with m the (N — 1)-dimensional weight vector. The connection betweenNheld Fock
state|n) and the weight basis is obtained by identifying

s = N_lZn,, My = Ny — Mg+l (2.7)

for k € Zy_1. We now have a representation df-field interferometry as arsU (N)
transformation with a bijective mapping between the Fock basi§ @ields and the weight
basis.

An arbitrary pure input state has the form

W) = Ysmlsm). (2.8)
s{m}

Typically, an input state will not have a fixedind instead will have support from many irreps.
For example, the coherent state entering one input port and the vacuum state entering all the
otherN — 1 input ports [4] can be expressed as

00) = expl—lal?/2) Y (/Y (No)Y) Iss) (2.9)

Ns=0
where|ss) is a state of highest weight and the prodi¥etis an integer. On the other hand, the
extension of the multiple Fock state ingut n, . .., n) [11,14,15] forN fields corresponds to

the input states0).
The matrix elements of the unitary operator (2.3) correspond t&theV) Wigner D
functions

(s |(V)sm) = *[ZON) iz (2.10)
with

I(Y)sm) = Z(Y)|sm). (2.11)
ForSU (2),

hy=2J, = M} — M3 (2.12)
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and

Mj =2J, M3 =2J, J2=5(S+1). (2.13)
The spectrum of the scalar parameteis

me{—s,—s+1 ..., s} (2.14)

The weights can be viewed as equally spaced steps on a ladder. We can also use the more
commonsSU (2) notation for the weight basis &gu), for j = s andu = m.

For SU (3), the weights are embedded in a two-dimensional spaces For /3, andn
an integer, the weights are given by

{m}, = {(n1 — nz, n2 — na)} (2.15)
with n; > 0 andny + n, + n3 = n. The cardinality of this set is
C=m+D(n+2)/2=Bs+1)(3s +2)/2 (2.16)

For generalSU (N), Wigner D functions can be calculated by working with matrices in a
specified irrep, but obtaining general explicit expressions for arbitrasychallenging. We
have developed Mathematiéacomputer programs for calculatirsg/ (3) transformations for
arbitrary representations following the methods of Rewal [13].

3. Vector phase representation

In considering rigorous bounds for extracting vector phase information, the first step is to
determine theSU (N) basis which is translated by the unitary interferometer transformation
(2.3) for an arbitary phase-shift vectior This task is made easier by restricting attention to the
category of interferometric experiments which we designate ‘symmetric MQI’ and define by
equation (3.1) below. This nomenclature is distinct from that of symmetric multiports which
correspond to lineasU (N) transformers such that an incoming photon has an equal likelihood
of exiting from each of thev output ports [16].

We consider the interferometer transformation (2.3) as a three-stage process. The first
step, D, transforms the input field into a new state and can be &ilyN) interferometric
transformation of the type (2.3).

In the second stage, an arbitrary phase transform&i@) = exp(i¢ - h) acts on the
N paths. Finally, the field undergoes a mixing which is the reverse.oThus, the unitary
transformation for the symmetric MQI has the general form

(¢, T) = DI(0)E*"D(T) =TT (=, 1)
= explig - [e7 =T M pd XTI MLy (3.1)
for some realN x N matrix Y. This restriction to a symmetric MQI is quite reasonable.

For example, the unitary operator for the (two-field) balanced Mach—Zehnder interferometer
[10-12], depicted in figure &f, is

I <¢7 [8 n(/)4]> _ e—i(n/4)M21e—i¢hlei(ﬂ/4>M21

= expip M3). (3.2)

The infinitesimal POVM for ideal vector phase measurement corresponding to the
symmetric MQI (3.1), restricted to a particular irrep parametrized bgf dimensionC;,
is

dE(0) = [(Y)s0)((Y)s6] du(6) (3-3)
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1 p ,» @ ] 2p 3 (b)
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Figure 1. Symmetric &) SU(2) and p) SU (3) interfer-
ometers for measuring scalar and two-dimensional vec-
tor phase, respectively. The input fields are at the bottom
‘ I ‘ ‘ I and the output fields at the top of the diagram. The ver-
1 2 1 2 3 tical lines represent 50/50 beam splitters, and the circles
represent phase shifters which induce an arbitrary phase
Input Input shift of ¢, in armn.
where

(7)s8) = C; 72 " explil (n1 — n2)61 + (nz — n)0}D' (V)lsm) — (3.4)

{m}

isanSU(N) VPS,

CS N—1
du(8) = 0T d'—-e (3.5)

and{m} is the set of weights for the symmetric representatiolSG{ N) parametrized by
s. We emphasise that the set of phase states (3.4) is not the dual basis to the weight basis of
h but rather dual to the ‘rotated’ weight ba$i&)sm). This SU(N) ‘rotation’ is essential
to guarantee that the VPS is indeed translated by the unitary interferometer transformation
operator (3.1).

The phase state (3.4) reduces to the rot&t€d2) phase state fov = 2 [11,17]. An
orthonormal basis for the Hilbert space can be constructedg@yitithonormal phase states.
The matrix element connecting the weight basis and (3.4) is given by

((0)sBlsm) = c;Y? Z e ™0 (sm/|D(Y)|sm). (3.6)
{m'}

The phase distribution for an arbitrary input state (2.8) is given by

G

2
P N—-1
v dV-1g. (3.7)

dpP(0) =

D Vem{(X)sblsm)
{m}

That is, the vector phase distribution is obtained from the phase representation of the state
by squaring the modulus of the overlap between the state and a vector phase state, and then
normalizing. In general, the coefficier{ts,,, } are calculated via the conversion formula from
the Fock basis to the weight basis. The phase distribution for the output state is given by
P;(8|¢) = P;(0 — ¢). This distribution can be used then to determine the ultimate bounds on
estimating the induced vector phase shift

One method for determining bounds to extracting phase-shift information is by the Fisher
information method [8]. However, for vector phase, the Fisher information must be replaced
by the Fisher information matrix, which is given [6] by

s = (27-[)N—1

/ d¥-10 P,(01¢)[V In P,01¢)] x [VIn P,@0l¢)].  (3.8)
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In equation (3.8)x indicates the outer product of vectors awvids the (V — 1)-dimensional
gradient with respect t6. For F~! the inverse of the Fisher information matrix (3.8) and
3¢ the uncertainty in the estimate ¢f the products of uncertainties are bounded from below
according to the requirement that the matrix

S x 8¢ — F1 (3.9)

is positive definite anck once again denotes the outer product of vectors.

Expression (3.8) can be simplified by noting that the phase distribution is translated by
the interferometer transformation. Hend&(0|¢) = P;(6 — ¢). Consequently, the Fisher
information matrix is independent @. That the Fisher information is independent of the
applied phase shift in the interferometer should not be surprising. The choice of the vector
phase POVM is designed to produce this result.

In contrast, phase information which is obtained via particle counting [4,18] corresponds to
phase-shift estimates via weight-basis distributions. In analyses of limits to phase information
extraction via particle counting, the weight basis is paramount, but our objective has been to
obtain equation (3.8), which establishes the absoiantptinciple, bound to extracting phase
information from the system with or without particle counting methods.

4. The symmetric SU(3) interferometer

An example of symmetric three-field MQI is shown in figurd)l( The three input beams

at the bottom of the diagram are directed into two beam splitters where they are mixed in a
symmetric way, then subjected to phase shifts (each kedonk = 1, 2, 3, is subjected to a
phase shifty,, respectively) and finally directed to two more beam splitters before exiting the
system. The unitary transformation for the three-beam interferometer in figoyés iven

by

I($) = e—inM32/4e—ianl/Aei<p~heinM21/4einM32/4 (4.1)
with

= (p1— P2, $1/2 + $2/2 — ¢3) (4.2)
up to a global phase factdr = ¢, + ¢, + ¢3.

A detailed study of theSU (3) interferometer helps to clarify the case St/ (N)
interferometry. Let us rewrite the interferometer transformation (4.1) using the notation of
equation (3.1)

1(¢) = DD (4.3)
for
D= einM21/4einM§/4' (44)

The desired VPS is

_ 2 im-6.~T
1(Y)s6) = T ; g™ DT (1)|sm) (4.5)

and a pure statg)) with fixed s has a phase distribution
Bs+1D@Bs +2)
2(2m)?

dP,(8) = (()sOly)12dV 1o

2dN—l

?. (4.6)

- ' Ze—im”9<sm/|D(T)|sm>
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We consider specifically two input states. For both statés restricted to being an integer.
The first is the highest-weight states), which has all particles entering just one of the three
input ports. The second state under consideration is the balance@@tat¢hich has an equal

number of particles entering each input port.
The algorithm for calculating matrix elements®fis provided in [13]. A genera§U (3)

transformation is written as
D(a1, Bu. v1, @2, B2, @3, B3, v3) = R3(e, B1, yD)Ri(e2, B2, a2) R3(e3, B3, v3) (4.7)
with

le (@ B, y) = eia(M;'—Mj)/zeiﬁM;/zeiy(M;—Mjf.)/z (4.8)

|Mi!’i!i!i!ﬁ!ﬂll'!M‘?’., il

w“ Wl
.\ | “!‘!milmn'.‘n"u'.'u'.'n‘.'.l‘.'!g i

>N
= 1

\“\‘&!‘!\!\!\!‘ﬁ. NN,

(b) T

Figure 2. Vector phase distribution® for (a) the highest-weight states) and p) the balanced
state fors = 12 (36 photons). For angles outside of the range shown, the vector phase distribution

is given byP (61 +m, 62 + r) and P (01 + 2, 62 + 21r) = P (01, 62).
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Figure 3. Vector phase distributions for the highest-weight statg for 64 = 0 and 3 €
{24, 36, 48, 60, 90, 120} photons.

the usual factorization of afi/ (2) transformation. For the transformation (4.4) the general
SU (3) transformation (4.7) assumes the simple form

D =D(0,0,0,0,7/2,0,7/2,0). (4.9)

Inserting expression (4.9) fdP into equation (4.6) provides the necessary expression for
computing the vector phase distribution over the two free paramgtersd,, 65).

The phase distributions have been calculated using Mathef4tarad are plotted in
figures 2—4. Calculations are performed for the highest-weight stateand the balanced
state|s0). Surface plots are presented in figure 2 for both the highest-weight state and the
balanced state with = 12. This choice ok corresponds to a total ofy3= 36 photons in
the interferometer. The highest-weight state isSan(3) coherent state [19], and the surface
plot is the two-dimensional phase distribution for this state. The importance of these phase
distributions is that the output state has the same phase distribution as that shown in figure 2
except for a translation in th@,, 6,) plane.

In figures 3 and 4 phase distributions are plotted for the highest-weight state and balanced
state, respectively. The sequence of plots are slices of the surface plots corresponding to
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Figure 4. Vector phase distributions for the balanced sth® for 61 = 0 and 3 €
{24, 36, 48, 60, 90, 120} photons.

fixing 6; for photon number 8increasing from 24 to 120. The major peak is used for both
the highest-weight state and the balanced state to infer the imposed phase shift. One way to
analyse the precision of phase-shift estimation is to consider the width of the major peak along
slices of the surface plot. This provides information about the scaling of the precision with
respect to classes of phase shifts along one dimension in the two-dimensionalbspége

The scaling of the width of the phase distribution for #1&(3) coherent state, or highest-
weight state, in figure 3 approacheg4s. This scaling is consistent with the scaling of
the phase precision f&8U (2) coherent states [11]. Slices of the phase distribution for the
balanced state, depicted in figure 4, exhibit a scaling of width which is superigkfo (but
not at theSU (2) scaling of ¥s). For SU(3) interferometry, and the configuration depicted
in figure 1), the SU(3) balanced state provides a superior phase-shift estimate in terms of
scaling with respect to input photon number.
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5. Conclusions

In conclusion, we have developed t§& (N) VPS. The rotatedU (N) VPS has proven useful
in estimating bounds to phase-shift measurements. Specifically§it{@) vector phase
distribution has been used to observe/a/2 scaling for the highest-weight (or coherent)
state and a superior scaling of phase-shift estimate precision for the balanced input state.
Scaling of phase-shift estimate precision was studied in the context of symmetric MQI, for
which phase-shift measurements and bounds to estimation provide particularly straightforward
mathematical results. We have also clarified the usg&afV) vector phase distributions in the
context of the Fisher information matrix for establishing bounds on multiparameter estimation.
We have relied on numerical simulations to study/ (3) two-dimensional phase
distributions and the scaling of the precision of the phase-shift estimates with respect
to photon number 8 An alternative approach is to employ asymptotic methods for
SU (3) transformations [22]. AsymptotiSU (3) expressions would simplify the study of
measurement limits foSU (3) interferometry, analogous to the asymptotic approach to
studying measurement limits f&U (2) interferometry [11]. We are currently developing
the application of asymptotic methods ®/ (3) interferometry.
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