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A comprehensive theory of phase for finite-dimensional quantum systems is developed.

The only physical requirement imposed is that phase is complementary to amplitude.
This complementarity is implemented by resorting to the notion of mutually unbiased

bases. For a d-dimensional system, where d is a power of a prime, we explicitly construct

d + 1 classes of maximally commuting operators, each one consisting of d− 1 operators.
One of this class consists of diagonal operators that represent amplitudes and, by the

finite Fourier transform, operators in this class are mapped to off-diagonal operators that
can be appropriately interpreted as phases. The relevant example of a system of qubits
is examined in detail.
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1. Introduction

The problem of measuring phase has a very long history in quantum mechanics.
Since the first attempts of London1 and Dirac,2 most efforts have been devoted to
elucidate this question for a single harmonic oscillator.3

The encoding of information into the phase of d-dimensional systems4 (also
known as qudits) is currently transpiring as an essential ingredient in quantum
computation and communication.5 However, in spite of being a primitive of the
theory, the notion of phase for finite-dimensional systems is rather imprecise and,
roughly speaking, three quite distinct conceptions can be discerned.

In the first, phase is considered as a parameter and the problem is reduced to
the optimal estimation of the value of the phase shift undergone by the system
under quantum operations.6 Although very operational in style, it accommodates
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perfectly the practical requirements of typical applications in quantum information.
In the second, a semiclassical approach is adopted: the phase is assumed to be

linked to the geometry of the state space. For a qubit this is the Poincaré sphere; the
phase is identified with the angle between the sate representative and the Z axis.7

This pictorial understanding of phase as an angle makes intuitive contact with the
classical world, but once more merely considers the phase as a state parameter
instead of a full quantum variable.

The third major concept emphasizes the idea that phase, as any physical prop-
erty, must be associated with a selfadjoint operator (or at least with a family of
positive operator-valued measures). In this vein, phase operators have been con-
structed via a polar decomposition for qubits and qutrits.8

We wish to look at this fundamental problem from quite a different perspective.
On closer examination, one immediately discovers that the idea of complementarity
is at the root of all the previous approaches: phase is complementary to amplitude,
by which we loosely mean that the precise knowledge of one implies that all pos-
sible outcomes of the other are equally probable.9 This idea of unbiasedness leads
directly to introduce mutually unbiased bases (MUBs),10 which have recently been
considered with increasing interest because of the central role they play not only in
understanding complementarity,11 but also in specific quantum information tasks,
such as protocols of quantum cryptography,12 Wigner functions in discrete phase
spaces,13 or the so-called mean king problem.14

It is known that the maximum number of such bases cannot be greater than
d + 1 and that this limit is certainly reached if d is prime or power of prime.15

It is not known if there are nonprime-power values of d for which this bound is
attained. In any case, we shall be not concerned with this problem in this paper,
and assume that we are always working in a power of prime dimension, since this
is the interesting case when dealing e.g. with systems of qubits or qutrits.

Quite recently, a number of papers have addressed the explicit construction
of MUBs for dimensions that are power of a prime.16 Here, we revisit a recent
construction that resorts to elementary notions of finite field theory and has the
advantage of obtaining in a systematic way d + 1 disjoint classes of maximally
commuting unitary matrices (each set having d− 1 operators).17 Additionally, the
final expression for these MUBs is compact and can be expressed in different bases,
in some of which they appear as tensor products of generalized Pauli matrices.

In this paper, we go one step further by noting that one of these classes consists
solely of diagonal operators (i.e., amplitudes) that can be mapped, using the finite
Fourier transform, to operators acting cyclically on basis states (which we interpret
as phases). In this way, we provide a simple and unified picture of what phase is for
these composite finite systems.
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2. Constructing multicomplementary operators

We begin by considering a system living in a Hilbert space Hd, whose dimension
d is a prime number. It is useful to choose a computational basis |n〉 (where n =
0, . . . , d− 1) in Hd and introduce the basic operators

X|n〉 = |n + 1〉,
(1)

Z|n〉 = ωn|n〉,

where ω = exp(2πi/d) is a dth root of the unity and addition and multiplication
must be understood modulo d. These operators are generalizations of the Pauli
matrices18 and generate under multiplication a group known as the generalized
Pauli group. They obey

ZX = ωXZ, (2)

which is the finite-dimensional version of the Weyl form of the commutation rela-
tions.

As anticipated in the Introduction, we can find d + 1 disjoint classes (each one
having d − 1 commuting operators) such that the corresponding eigenstates form
sets of MUBs. The explicit construction starts with the following sets of operators:

{Zk}, {(XZm)k}, k = 1, . . . , d− 1, m = 0, . . . , d− 1. (3)

One can easily check that

Tr(ZkZk′†) = d δkk′ , Tr(XkXk′†) = d δkk′ ,

(4)

Tr[(XZm)k(XZm′
)k′†] = d δkk′δmm′ .

These pairwise orthogonality relations indicate that, for every value of m, we gen-
erate a maximal set of d − 1 commuting operators and that all these classes are
disjoint. In addition, the common eigenstates of each class m form disjoint sets of
unbiased bases. We shall refer to these classes as multicomplementary.

However, for all its simplicity, this construction fails if the dimension of the
system is a power of a prime d = pn (where p is a prime and n is an integer)
and operators constructed following (3) no longer form disjoint sets. The root of
this failure can be traced to the fact that Zpn , does not form an algebraic field.
We know there exists (up to isomorphisms) exactly one field, written as Fd, with d

elements when d = pn.19 Fpn can be represented as the field of equivalence classes
of polynomials whose coefficients belong to Zp. The product in the multiplicative
group F∗

pn (i. e, excluding the zero) is defined as the product of the corresponding
polynomials modulo a primitive polynomial of degree n irreducible in Zp. In fact,
F∗

pn is a cyclic group generated by powers of a primitive element α, which is a
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monic irreducible polynomial of degree n. This establishes a natural order for the
field elements, and we use this order to label the elements of a basis in Hd as follows:

{|0〉, |α〉, |α2〉, . . . , |αd−1〉}. (5)

Our solution to the problem of MUBs in composite dimension consists in using
elements of Fd, instead of natural numbers, to label the classes of complementary
operators.

To proceed, we observe that elements of Fpn form an additive group, for which
we can introduce additive characters as a map that fulfills

χ(θ1)χ(θ2) = χ(θ1 + θ2), θ1, θ2 ∈ Fpn . (6)

All of these additive characters have the form

χ(θ) = exp
[
2πi

p
tr(θ)

]
, (7)

where the trace of a field element θ ∈ Fpn is

tr(θ) = θ + θp + θp2
+ . . . + θpn−1

. (8)

Note that we distinguish the trace over field elements from the more common trace
of matrices, by using the lower case “tr” for the former. The trace has remarkably
simple properties, the most important for us being that it is linear and that it is
always an element of the prime field Zp.

Next, we introduce the following operators with respect to the basis (5):

Zq = |0〉〈0|+
d−1∑
k=1

χ(αq+k) |αk〉〈αk|,

(9)

Xr = |αr〉〈0|+
d−1∑
k=1

|αk + αr〉〈αk|,

with q, r = 0, . . . , d− 2, which implies

Zq|αk〉 = χ(αq+k)|αk〉,
(10)

Xr|αk〉 = |αk + αr〉.

These operators inherit properties that naturally generalize the properties of matri-
ces in Eq. (3). In fully analogy with the sets in (3), we can generate operators from
Xq and Zq; they will be of the form XqZr. Linear independence and orthogonality
are guaranteed, in the sense that [compare equation (4)]

Tr(ZqZ
†
q′) = d δqq′ , Tr(XqX

†
q′) = d δqq′ ,

(11)

Tr[(XqZr)(Xq′Zr′)†] = d δqq′δrr′ .
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It is clear from (11) that the sets [compare Eq. (3)]

{Zq}, {XqZq+r}, q, r = 0, . . . , d− 2, (12)

are disjoint and that every element of a set with a fixed value r commutes with
every other element in the same set: they define multicomplementary operators.

3. Complementary sets and finite Fourier transform

In the prime-dimensional case, we make the very important observation that, start-
ing from Z, it is possible to obtain any element of the form (XZm)k by using a
combination of only two operators F and V defined as follows: F is the finite Fourier
transform4

F =
1√
d

d−1∑
n,n′=0

ωnn′ |n〉〈n′|, (13)

and V is the diagonal transformation (assuming d is odd)

V =
d−1∑
n=0

ω−(n2−n)(d+1)/2 |n〉〈n|. (14)

Indeed this is the case, since one easily verifies that

X = F † Z F, (15)

much in the spirit of the standard way of looking at complementary variables in
the infinite-dimensional Hilbert space: the position and momentum eigenstates are
Fourier transform one of the other. On the other hand, the diagonal transformation
V acts as a Z-right shifta:

XZm = V †m X V m. (16)

This is quite remarkable, since this prescription determines without ambiguity
(except for a trivial phase) the complementary operators to the amplitude Z, which
can be appropriately called phases.

For composite systems, we can easily translate the previous discussion: the finite
Fourier transform F , when expressed in the basis |αk〉, takes the form

F =
1√
d

|0〉〈0|+ d−1∑
k,k′=1

χ(αk′+k)|αk′〉〈αk|+
d−1∑
k=1

(
|0〉〈αk|+ |αk〉〈0|

) , (17)

aThe case d = 2 needs minor modifications. In fact, it turns out that one cannot find a diagonal
unitary transformation V such that X → XZ. For this reason, instead of XY the matrix Y is

defined as iXZ, so that Y = V † X V , where V is

V =

(
1 0

0 −i

)
.
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in such a way that F is set up to transform the operators Zq into Xq:

Xq = F † Zq F. (18)

Finally, the diagonal operators similar to (16) transforming Xq to XqZr can be
written as

V (r)
q = |0〉〈0|+

d−1∑
k=1

χ̄(2−1αr+2k−q)|αk〉〈αk|, (19)

where χ̄ means conjugate character and 2−1 is an element of Zp; in particular, if
p = 2N + 1 we have 2−1 = N + 1.

4. Application: systems of qubits

We begin with the simplest example of a quantum system of composite dimension:
two qubits described in a four-dimensional Hilbert space H4. To construct multi-
complementary operators, we start from the field F4 containing four elements. The
polynomial

θ2 + θ + 1 = 0 (20)

is irreducible in Z2 and the primitive element α is defined as a root of (20). In
consequence, the four elements of F4 as in Eq. (5) can be written as

{0, 1, α, α + 1}, (21)

where we have taken into account arithmetic modulo 2 and the fact that if α satisfies
Eq. (20), then we have the relations

α2 = α + 1, α3 = 1. (22)

A direct application of the definition (7) gives

χ(0) = 1, χ(α) = −1, χ(α2) = −1, χ(α3) = 1. (23)

Without going into technical details, one can always chose a basis such that

Z0 7→ σzσz, X0 7→ σxσx,

Z1 7→ σz11, X1 7→ σx11,

Z2 7→ 11σz, X2 7→ 11σz.

(24)

Here σx, σy, and σz denote the Pauli matrices and we have suppressed the tensor
multiplication sign.

The set (X0, X1, X2) constitutes the phase operators for the problem at hand.20

If we take a maximally entangled state such as

|Φ〉 =
1√
2
[|00〉+ eiϕ|11〉], (25)

we get

〈σxσx〉 = cos ϕ, 〈σx11〉 = 0, 〈11σx〉 = 0. (26)
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This interesting result holds true also for a system of N qubits: we can always
factorize our phase operators
in the form (1111 . . . 11σx, 1111 . . . σx11σx, . . . 1111 . . . σxσx, . . . σxσx . . . σxσx). For maxi-
mally entangled states only 〈σxσx . . . σxσx〉 is nonzero, all the other average values
are zero. The result is obviously independent of the factorization. The rich conse-
quences of this approach lie out of the scope of this paper and will be presented
elsewhere.

5. Concluding remarks

In summary, we have used an elegant construction of MUBs to provide phase op-
erators for composite finite systems that are devoid of any ambiguity associated
with the nonuniqueness of polar decomposition of ladder operators. Phase and am-
plitudes are elegantly related by a finite Fourier transform, much like positions
and momenta are related by an ordinary Fourier transform in infinite-dimensional
systems. This provides an appealing way of treating a concept as central as phases.
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