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Abstract

We present results on the x product for SU(3) Wigner functions over
SU(3)/U(2). In particular, we present a form of the so-called correspondence
rules, which provide a differential form of the x product AxB and BxA
when A is an su(3) generator. For the su(3) Wigner map, these rules must
contain second order derivatives and thus substantially differ from the rules
of other known cases.
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1. Introduction

The possibility of ‘switching on’ our classical intuition in the analysis of quantum systems is
an important advantage of the phase space approach to quantum mechanics [1]. Given this,
the phase-space approach has been directly and efficiently applied to ‘large’ (semi-classical)
quantum systems with Heisenberg—Weyl HW (n), rotation SO(3) or Euclidean E(2) dynami-
cal symmetries. The corresponding classical manifolds (2n-dimensional plane, S> sphere
and 2-dimensional cylinder) are easy to visualize, and quantum states p can be conveniently
mapped to corresponding (quasi-) distribution functions W,(2), where ) is a phase-space
point.

For quantum systems with observables in the algebra of the SU(n) group acting in a Hilbert
space that carries a symmetric unitary irreducible representation (A, 0...,0), there is a system-
atic construction [2] of phase-space functions satisfying the basic Stratanovich—Weyl require-
ments [3-5] (see also [6]).

In this paper, we concentrate on the Wigner representation [3—5], where an operator

f W;(Q2) is mapped into a self-dual symbol W;(2),
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few(Q), Qem, 1)

where 9t = SU(n)/U(n — 1) is a symplectic manifold corresponding to a classical phase
space [7], intimately related to the set of orbit-type coherent states [8] generated from a highest
weight state of the corresponding Hilbert space. Of the several types of existing phase-space
maps, the Wigner representation is of particular interest as not only sensitive to the interference
pattern but also endowed with certain important dynamical properties [1, 3, 9, 10].

The map of equation (1) has a relatively simple form for the fundamental representation of
SU(n), but its explicit construction for arbitrary symmetric representations of SU(n) requires
detailed knowledge of the appropriate Clebsch—Gordan technology and is more involved
[2, 10, 11]. In spite of this, the limit of large dimensions where A >> 1 is of immediate inter-
est to this work as it is related to the semi-classical description of quantum systems, and
is especially important for the analysis of the evolution of macroscopic systems since A is
often identified with the number of particle constituents in the system. Moreover, whereas the
dimension of the symmetric irrep of SU(n) grows with X like \"~!, the dimension of the clas-
sical phase-space SU(n)/U(n — 1) is 2(n — 1) and thus independent of A and grows linearly
with n; phase-space methods thus become increasingly efficient as A increases. In the limit
A > 1, the evolution equation for the Wigner distribution admits a natural expansion in a
single semi-classical parameter €, which scales as A~"~1)/2, as can be seen for SU (3) in equa-
tion (48). This classical limit of large dimensions is well-studied in the case of SU(2), describ-
ing very pictorially spin-like systems [10] as quasi-probability distributions on the sphere S2,
but the situation is far from transparent for higher-rank unitary groups.

The phase-space picture is complete when a sensible expression for the star-product =,
defining the composition map g — W;(82) x W(92), is found [12-14]. The (non-commu-
tative) x-product operation is essential to capture the non-commutative nature of quantum
mechanical operators and can be used to map the Schrodinger equation into a Liouville-type
equation of motion for the Wigner function W;(€2) [15]. Our experience with SU(2) systems
[16] suggests that this Liouville-type equation can be efficiently expanded in powers of the
semiclassical parameter, even for systems with SU(n) symmetry. In this expansion, the lead-
ing term is a first-order differential operator describing the classical dynamics of the Wigner
distribution and the first-order corrections to the classical motion vanish. For Hamiltonians
polynomial in the generators C,, of the corresponding su(n) Lie algebra the star-product can
be replaced by the more specialized correspondence rules (or Bopp operators) [17], that estab-
lish particular maps

Cof = CLWA(Q),  fCo — EEWH(Q) )

where ég and é’; are some differential operators.

In the SU(2) case [10, 18, 19] the operators QAZ@R have the form of first-order differential
operators multiplied by functions of the Casimir operators [9, 20]. This form of @é’R opera-
tors is related to the simple structure of the classical phase-space isomorphic to the coset
SU(2)/U(1) and closely connected to SU(2) coherent states [8].

For systems with higher unitary symmetries, the explicit differential realizations of the
*-product and of the operators ég’k is still an open question. Indeed for systems with sym-
metries beyond SU(2), E(2) or HW(n), the situation with phase-space mapping becomes
significantly more abstract [2, 21]. Even in the simple case of a system transforming by a
symmetric irreducible representation (A, 0) of the SU(3) group, the Wigner map to the sym-
plectic manifold 2t = SU(3)/U(2) is quite involved [2]. Some relevant information from
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four-dimensional quasi-distribution functions can be extracted by appropriately projecting
them into two-dimensional submanifolds, as was done in [22]. Nevertheless it is remarkable
that a single semi-classical parameter, easily related to the square root of the eigenvalue of
quadratic Casimir operator of su(3) acting in the representation (A, 0), still appears very natu-
rally in the Wigner map [10].

In this paper we obtain the correspondence rules for the SU(3) Wigner function defined
on the phase space SU(3)/U(2), appropriate to the most physically relevant case of the sym-
metric representation (A,0) of SU(3). We find that, contrary to the SU(2) and other known
cases, the correspondence rules require second order derivatives (in addition to the differ-
ential action of the su(3) Casimir operator), highlighting a fundamental difference between
the present work and all previous results [3]. We ascribe this difference to the representation
theory of the U(2) subgroup that leaves invariant the highest weights of SU(3) irreps of the
type (A, 0); this subgroup can accommodate representations of dimension greater than 1. We
apply the correspondence rules to the equations of motion for some non-linear Hamiltonians
quadratic in the su(3) generators. We find the form of the correspondence rules in the limit of
large dimension of the representations, which allows us to obtain the semiclassical expansion
of the equations of motion for Hamiltonian quadratic and more generally polynomial in the
su(3) generators.

2. The SU(3) Wigner function

The group SU(3) is defined as the set of unitary 3 x 3 matrices with determinant 1. A conve-
nient way to parametrize this set is by using a slight variation of the result given in [23] (see
also [24]) and write an element g € SU(3) as a sequence of block SU(2) matrices [10]:

g = Ros(a1, Br, —a1)Ria(aa, B2, —a) [R23(043,ﬁ3, —a3)®(v1,72) 3)

where ® is a diagonal matrix with determinant 1 containing two independent phases. Note that
the last bracketed factors

[R23(043,53,7043)‘I’(’71,72)] (4)

are elements of an U(2) ~ SU(2) ® U(1) subgroup. The corresponding su(3) Lie algebra is
spanned by the eight generators

Ci2.Co3, Ci3, 3 raising operators,
hy = Cyp — Cs3,h = 2Cy; — Cap — Cs3, 2 Cartan generators, )
Ca1. C, Gy 3 lowering operators,

with the basic commutation relations
{Cija Ck€:| = 0 Cip — 0i¢Cyj. 6)

With this we can recall some elementary facts on the construction of the symmetric SU(3)
Wigner function for SU(3) irreps of the type (A, 0) [2, 23]. Basis states in the corresponding

2(A+ 1)(X + 2) dimensional Hilbert space
(A, 0)vl) := |(A, 0)vipvss I) @)

are labeled by the triple ¥ = (v1, 1,, v3) of nonnegative occupation numbers, subject to the
constraints v + v, + v3 = A. The weight of the state with occupation numbers (v, v3, v3) is
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[1 — v2, v, — 13]. For a general (p, q) irrep, a given weight can occur more than once; in such
cases an su(2) label 7 is enough to uniquely identify a set of basis states with identical weights.
For states in (), 0) I is completely determined by the occupation numbers: I = (uz + 13); as
a result this / index can sometimes be conveniently omitted for states in (A, 0).

The appropriate phase-space is isomorphic to the coset SU(3)/U(2) ~ CP? , where the
displacement operator

k(Q) = k23(041’ B1, _Oll)klZ(OlZ, B2, —Oéz)Rza(Oll, —B1, —a), (8)
depends on 2 € SU(3)/U(2), with angles in the ranges
0< <27, 0<Bia<m, 9)

and where Rj; is an SU(2) subgroup rotations, generated by {Cjj, Cji, [Cy» Cii] }-

If states transform by the irrep (A, 0), operators acting on these states will be of the generic
form |(A, 0)v; 1) (A, 0)v'; I'| and will transform by the irrep (A, 0) ® (0, A), where (0, A) is the
irrep conjugate to (A, 0). This representation is reducible and decomposes in the direct sum
[25]

(\0)®(0,0) =) (0,0), (10)

with (o, o) irreducible. The Wigner symbol of an arbitrary operator A acting on |\; v) states
is then defined as

W;(92) = Tr(an(Q)A) (11)
where the kernel wy (£2) has the form
ZFA ZDS ()1 (12)
2(0 4+ 1)3
=\ st 13
VN OFD(F2) (13)
with
7 =0yl
T, = D10 L) (A 0)B: 5| C e, - 1
v
L= 0w 15
vT o (15)

a component of the irreducible tensor operator transforming by (o, o), and where coset (har-
monic) functions, invariant under the U(2) subgroup of equation (4), are obtained as matrix
elements of (8):

ploo) 0(@) = (o, o)I|R(Q)|(0,0)000;0). (16)

vl;(coo

The coefficients Cizdl A+ ge1,. AT€ UP 1O a phase, su(3) Clebsch—Gordan coefficients; their
expressions are given in appendix A.1. In particular, the symbol of a tensor operator TU g 1
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Table 1. Wigner symbols of the su(3) generators.

Cix *%Aﬁ(zol)% AMA + 3)el*2 cos(531) sin B,

Ci3 %Tﬁ(zm)% IVA+ 3)ell e gin(18,) sin 3,
Cx %Tﬁ(lzo)l SV + 3)ei sin By sin®(552)

Car 7% (Tl/\;(zol)%)T IVAM+3)e7 i cos(481) sin B

Csi 2 Alx\(mo)%)’r LA T 3)e @t sin(18,) sin 6,
Cx e (T 201 LA+ 3)e i sin By sin?(1,)

H, = %izz %T*(m)o IVAN+3)(1 + 3cos Br)

H = f%fz] 4\[ 1 N VAA+3) cos By sinz(%ﬁz)

Wi (@) = F2 (D57),000(®) (17

In table 1 we give symbols of su(3) generators of equation (5) and their relations with the
(1, 1) tensor operators, where

N=vVAA+ DA +2)(A+3) (18)

is a normalization factor.
Using the transformation property of the tensor operators

ROT2, RN Q) = > DT, (19)
vl
where
D) = (0, 0)IR()| (0, 0)pd) (20)

are SU(3) D-functions, we can represent the quantization kernel w) (Q) in an explicitly covari-
ant form

an(Q) = R(Q)wa(0)RT(2) @1)

where R(f2) is given in equation (8) and wj (0) contains only diagonal tensor operators

Z F)‘ TA J(co0)0 (22)

and is invariant under U(2) transformations of the type given in equation (4).

3. The correspondence rules

The correspondence rules allow us to represent the symbol of a product of an su(3) generator
Cij of equation (5) with an arbitrary operator B in form of a local action, v.g.

We,s(2) = Tr (@n(Q)C3B ) = €;W(9), (23)
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Table 2. Relationship between (v1,v3)1 and (71 7,73)1 .

(1/11/21/3)1 (171172173)1 (Vll/21/3) (ﬂ 17 17 )
(210)3 (r+1,7,7—1)} (111)1 (r,7,7)1
(201)% (t+1L7—1,7)} (102)1 (r,7— L7+ 1)1
(021)% (r—L7+1,7)} (120)1 (r,74+ 1,7 = 1)1
(012)% (r—1,7,7+ )% (111)0 (r,7,7)0

where é:ij is a differential operator. It is clear that it suffices to express the right and left prod-
ucts of first-rank tensor operators on the Wigner kernel as an operator acting on the argument
of the kernel.

Let us start with the left action. It is convenient to separate the calculations into two steps.
First, we reduce the problem of arbitrary tensors multiplication to one involving a diagonal
form by using equation (21):

Toyin () = TR, RO ar (ORT(2)
= k() [R*mm WRO)| i (OR(2)
= 2Dl ) [RO) T, (0) R (2)] (24)

The possible values of vI are given as part of table 2. The coupling YA“]);V, w(0) has a form of
a linear combination

T0,85(0) = Y FA 10T 0 (2
o=0
Z FYal (\T)TYy, (26)

where the coefficients a,fl (A 7) are evaluated explicitly in appendix B and v and v are related
in table 2.
Thus, equation (24) is transformed to

-~ A 1,1 T, T >
Thasn(@) = Y DU, (@7) Y- P (s n)DY (T (a7
vl Tv'l’

A more useful explicit form is given by

fwlezJ'&})\(Q)
L1) r .
= Z ZDz(/ oz] Z )‘ T D( 2 837 )*1 (Q)Ti\;y’l’
=0,2 1213 'l
+ 3 D QT D Bl ()DL (T,
1237 ol
L1 rr .
+ D(111))0 o Z Flap(Xs (w;)po(Q)Ti;m/- (28)

'l

The right-hand side of equation (28) contains SU(3) D-functions which are not harmonic
functions of the type of equation (16), but which can be related to such functions by applying
a differential operator transforming a coset function into an adjacent function, differing from
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the coset function by some 0, £1 changes in the occupation numbers. Details on obtaining
these adjacency relations can be found in appendix C.2.

The adjacency relations for vy = 0,2 and [ =1 are similar to those for the SU(2)
D-functions [27] and can be compactly represented as

Q (7.7) _ v /2 T(T + 2) (7.7)
SV%DM;(TTT)O(Q) = (—1)n/ #DW;D%(Q), (29)
where each § V1 is a first order differential operator
% Zd Qk s (0,92, 0, 0) = (ay, B1, a2, B2) - (30)

The coefficients d,,1 () are given in table C3.

To continue, we note that the expansion of equation (28) contains terms of the type
DS},T.)l71 (€2). We argue here that these cannot be expressed as a first order differential operator
acting on a coset function. To see how this fundamental difference with SU(2) comes about,
one must recognize that the action of any first order differential operator D on a coset function

will drop operators linear in C’U from the exponential IAQ(Q), one can reorganize the resulting
expression to

DU o(Q) = cil(r. )T |R(Q)Ey(r.7) (777)0)

v'Iy(T77)0
i#j

+ (1, )V T'|R(Q) (c1Hy + c2Hy)|(7,7)(777)0) (3D

by bringing any C;; to the right of the SU(3) rotation R(f2). The action of the su(2) ladder
operators Cs3, Cs, kills | (7, 7) (777)0), since by construction this state is an su(2) scalar; the
action of the remaining ladder operator C 13, C3 1 C 12 and C21 will lead to functions of the form

DSI,T_L,l (€2) by inspection, and thus not of the desired form. Finally the operators H,and H,
H S
both annihilate |(7, 7)(777)0) by definition.

Instead, we find the adjacency relations for functions of the D,(;},T;),71 () type to be of the

form

§2  plrn

1w 17 ply(r777)0

1 5uz 51/3 T, T
(e +2)y) L OenrO) = -1)1)2,”)1(9) (32)

&(2) . .
where 5,7 .| are second order differential operators

2 . . .
Sgno =S 021y 15210y (0217 1:0102) 1 S 201) 1

V2 X 3 X
+ Tf(OZI)%;(lll)IS(ZIO)% - Ef(021)%;(111)0S(210)%’ (33)

(2 N
Sgl())z);l = S(012 iS(zol 1 f(012 1(120)1 S(ZIO)%

2 2

3 X
Tf(ou (1111 ‘*‘\/;f(mz);;au)o) S0 (34)

g
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Si=
Sim
Sim

_f(ozl)%;(lzo)lgzlo;% _f(012)%;(102)1$201;%

3 V2 .
- (\/;f(ozl);;(m)l + 2f(021)§;(111)0> SZO];%
3 V2 :
- (\/;f(ou);;(m)l - zf(on);;(m)o) SZIO;%’ (35)

since they contain products of first order operators $ pl The coefficients fg, are given in
table C4.

As a second step we use the relations equations (29) and (32) to explicitly determine the
correspondence rules equation (28), obtaining

T san(9) := €5 an(Q), (36)
L1 - 7 5—1/24 A
€ =v2 Y0 YD) @)=, 60 L ()

14} _0 2 1203 %)

D 1 6 O
->_D 11/21/3)1a1 ) mngm G laf (X Gy)

3

+ DE}’III))O;aJ(Qil)a]LO()‘;éz)’ (37)

where C, is the differential realization of the su(3) Casimir invariant,

ézZZCgé}i+I:I%+H%

38
i (38)
G DG o) =1(r+ 2D (), (39)

on the harmonic functions equation (16). This differential realization is given explicitly in
appendix C.1. The operators a, ()\ Cz) are functions of the C,, such that

s C)DST) (@) = al (N o)D) (). (40)
The right action
A ()T, = X an(Q) (41)

is obtained by replacing a ,()\ 7) — af (A7) and ¢L, — &R, in equation (37), with the
coefficients a¥ ;(X; 7) and af ;(\; 7) related quite simply by

a(]f% (NT) = aé% (A7) —/37(T+2)

afy (A7) = ary (A7)

afy(Xi7) = afp(Xi7)

a4, (Ni7) = @) (X 7) +/37(7 +2). (42)
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The correspondence rules encapsulated in equations (36) and (41) are the main results of
2

this paper. The appearance of second order operators, @Mwl ,

which are independent from

the Casimir operator éz, is a key difference with the SU(2) formalism, where the correspond-
ence rules contain only first order differential operators and functions of the SU(2) Casimir
operator. This new ‘complication’ for SU(3) is ultimately a by-product of using coset function

(m.7)
D

v’ (r77)0

weight subspace of (7, 7) will in general contain more than just an I = 0 state, the action of

(€2) which are invariant under right action by an element in U(2); because the zero-

generators with / = 1 eventually yields DE;}/T;)m (€2), which is no longer U(2)-invariant under
right action. Such a situation cannot occur in SU(2) since the U(1)-invariant zero-weight
space is one-dimensional. Moreover, it is clear that this complication will occur beyond SU(3)
for any SU(n).

Note that the coefficients a® and a* for v; = 1 do not change sign so that, as an immedi-
ate application of equations (37) and (41) we obtain using the relations of equation (42) the
commutator

[Thas an (@) = S~ > DU (7S,

v

wx(Q), (43)

1
2

which contains only first order differential operators, in a manner similar to the SU(2) case
[15, 18].

4. Examples

The explicit form of the correspondence rules equation (37) can be used to map Schrodinger
equations for Hamiltonians polynomial in the generators C; to evolution equations for the
Wigner function. Define

=S ot w

and consider first Hamiltonians of the type H = h linear in the generators. With p an arbitrary
operators, we rewrite the symbol of the commutator as

W[I:I,f)] Q) = *Tr(ﬁ[ff, wy (), (45)
and use equation (17) together with the relation

A+ 1D(A+2)

1,1 — v Qi+
D' %;BM(Q hy = (=1)n/2 X § Wi (©) (46)
to obtain from equation (43) the following equation of motion for the Hamiltonian H = h:
OWj(Q2) = = {Wy (), Wa()} e (47)

where

e =22\ +3) (48)

is the so-called semi-classical parameter, and {-, - }» is the Poisson bracket given [22] by

Wal@.W5(@)r = =i 3D (8, W) (3,4W(Q) - o)
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The sum in equation (49) is limited to vy = 0,2 as these are the only ones for which I = 5
Suppose next that H = h?: the Hamiltonian is the square of a linear combination of su(3)
generators. Equation (45) can be reduced to

Wiy = —Te(p([h, i (@) + hlh, i ()])) (50)

In the specific case where H= (Tl’\a 1)2, we obtain from equations (37) and (43)

. (L) = -
oW, = ZD %(6 +CR W, . (51
Here again, the sum over v is restricted to vy = 0,2 as only for those values can we have
1=1

5

We emphasize that equation (51) contains third order derivatives (in addition to functions
of the Casimir operator). This is drastically different from the SU(2) case, where third order
differential operators appear only due to double derivatives in the differential expressions for
Casimir functions. This third-order structure in the SU(3) problem will lead to a very different
long-time behaviour for Hamiltonians quadratic in su(3) generators.

In particular, for Hamiltonians H o (f“l)‘ (a)111)0)2 and H o (fﬁ(a)lll)1)27 the evolution
describes ‘su(3)’ squeezing effect [26]. The full expressions of equation (51) for these two
cases can be found in appendix D. The evolution equation for other cases is quite complicated
even for Hamiltonians H = h? quadratic in arbitrary combinations of generators.

5. Semiclassical limit

The semiclassical limit in quantum systems is associated with a large value of some physical
parameter, v.g. the number of photons (in systems with HW (1) symmetry), the size of an effec-
tive spin (SU(2) symmetry), large value of a projection of angular momentum ( E(2) symme-
try). Then, the semiclassical expansion is performed in the inverse of this ‘large’ parameter.
In physical realizations of quantum systems with SU(3) symmetry, v.g. the Bose-Einstein
condensate in a three-well configuration [29], the semiclassical limit would correspond to the
large number of total excitations. From the mathematical perspective this corresponds to the
large dimension of the (symmetric) representation. Then, € defined in equation (48) (or its
approximate value € ~ (2\ + 3)~!) can be considered as appropriate semiclassical expansion
parameter whenever € < 1.

In order to obtain the asymptotic form of the correspondence rules we expand the opera-
tors sz;L()\; v) appearing in equation (37) in powers of €, keeping two non-vanishing orders, as
given explicitly in appendix B. Then, the operators CLR take the following forms:

N 3 *
LR _ n—1 D /2 (L.1)
CLR — N [\@ Eoz(ﬁ:1+ Sy e) (DQM%(Q)) S,.1
v1=u,

(1.0 )
B GZ + 51/2161121) (Dod;(lyzu;)l(Q)) Sy;l

2 N *
+ (6 — 3¢(C + 3)) (Dgll()m)o(g)) ] (52)

10
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with the 4 and — signs in the first term on the right for @é ; and éf’; ;> respectively. Then, we

obtain from equation (51) the following approximate equation of motion for a square of any
su(3) generator

oW, = —e W, Wste + O(e), (53)

where no correction to the classical evolution of order €’ in the semiclassical parameter
appears, as it is expected for the Wigner function semiclassical dynamics. It is clear that equa-
tion (53) corresponds to the so-called Truncated Wigner approximation [15], widely used in
quantum systems with low-rank symmetries for the description of the semiclassical dynamic
effects.

One should stress that there are two types of the second order differential operators,
appearing in the first-order correction terms (~¢): the first type is proportional to the Casimir

operator (this is similar to the SU(2) situation) and the second type is proportional to Sf% the

appearance of this latter type qualitatively distinguishes the evolutions of systems with low or
higher rank symmetries.

6. Conclusions

The correspondence rules of equation (37) can be immediately rewritten for the Wigner sym-
bols and recast in terms of the star-product operation:

Wir 5= eRw, = Win * W, (54)
L
Wiia = Co Ws=Wpx Wi . (55)

The principal difference with other known correspondence rules consists in the appearance of
second order derivatives in the operators éﬁé’f;
the differential form of the Casimir operators.

Apart from derivatives arising in the Casimir operator, the exact equation of motion describ-
ing the non-linear evolution of the Wigner function contains at least third-order differential
operators; this significantly complicates the analysis of non-linear dynamics in comparison,
for instance, with spin evolution.

In spite of this novel feature, the leading order term of the semiclassical expansion of the
evolution equation is still reduced to the Poisson brackets on the CPZ—manifold, and the short-
time dynamics can still be well described in terms of classical trajectories. The appearance
of third order derivatives in the exact equations of motion significantly affects the qualitative
character of non-linear evolution beyond the semiclassical times. The explicit forms of terms
of order € and 1/e in equation (52)—terms that cancel to leading order in the semi-classical
expansion of the quantum Hamiltonian evolution—are non-trivial and quite important v.g. for
the phase-space description of SU(3) dissipative channels.

As an interesting and important by-product we have obtained adjacency relations connect-
ing some SU(3) D-functions to the harmonic functions on SU(3)/U(2), thereby generalizing
results on spherical harmonics (see chapter 4 of [27]). We expect to use these novel relations
in application of the SU(3) group in quantum mechanics.

We have also formally shown that a single parameter €, given in equation (48), related to
the inverse eigenvalue of the Casimir, and which scales like the inverse of the label X of the
irrep (A, 0), naturally enters in the semiclassical limit of the nonlinear SU(3) dynamics.

this is in addition to the derivatives contained in

1
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Appendix A. Technical results on Clebsch, tensors and Racah

The SU(3) Clebsch—-Gordan coefficients factor into a reduced (or double-barred) coefficient
multiplied by a SU(2) coefficient:

< Ap) - (Ao, p2) | (A, ) > :<(/\1,M1),(>\2,ﬂ2) I (/\’:u)>
(a1a2a3)11’(b1b2b3)12 (016’203).] Cl111 ’ b112 /~L1J P

I, Ip) J
) A.l
X<%(“2_a3)’%(52—b3) | %(C2—6‘3)> (A.1)

K

where « labels (where appropriate) the multiple copies of the irrep (), ) in the decomposition
of the tensor product (Ay, p1) ® (A2, o). This index & is omitted when (A, 1) occurs once in

(A1, 1) @ (A2, i)

A.1. Tensor operators

One can show [11] that

<)\(A70) , (0,2) I (U,U)>

10 1 1
—a;3a o+a;5(0+a) 20550

— (—1)* (c+a+ DIA=o)(A—a)(20 +2)! (A2)
o (0 + )X -0 —a)lalol(A + o +2)!

for the highest weight state, and more generally, for any state in (o, o)

< (/\’O) . (O’A) H (U’U) >:(_1)>\ ()‘_Vi)'
Vs =v) A+o—v—pis(A+o—v{—p) " 20 —p;l a!
\/(o—1+§(ap))!(o+1+;(op)+1)!(Ao)!(za+2)(u{+po)!(1+1+§(p+o))!
CH+HA+ NN =V, =T+ Yo —p)(1+T1+ X =V, + L0 —p)(X(o +p) - 1)

Vi,max

121 ()‘_I—Vl-f—l(a-i-p))h/l!
X Z (=1 ((y,—V{)!(pfuler{z)!(yl70)!(,\,,,])1)

V1=Vl min

_ /_ Loy — Lig—
V=X I+vi=A—3(p+o)
(A.3)
with 3F, the generalized hypergeometric function, and
1
Vimin = max|[o, V]|, Vi max = min[\, v{ +p, A — I + 5(0 +p)] (A.4)
The bounds of the sum are determined by the factorials involved with v;.
The combinations
A ~ovl,
TO’;VIV = Z C)\ala;)\*ﬁlﬁ |()" O)Oé[a> <()" 0)6[ﬁ| ’ (AS)

aly Bl

12
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oul, _/(X0) (0.A) (0,0) A p
Celtnars, = (y. e ey N1 (A.6)
with 8* = (A — 81, A — B2, A — [33), are su(3) irreducible tensor operators.
The irreducible tensor operators of equation (14) satisfy the following trace-orthogonality
condition

Tr((Té\;ala)Tfj’;a’la/) = 60'0'/6(1(1/5,04’&/7 (A.7)
where
TD'/\;VJ = (_1)U+V2(T2;U*J)T (AS)

with v* = 20 — 11,20 — 15,20 — 13).
One can decompose products like TI)EVITé;(o'o'o')O using the definition of the Racah
U-coefficients [28] and the orthogonality property of tensors:

o+1
T(l,l)T(o,U) o Z C(T,T)T(T,T)

vi] T (coo)0 T viJiot vl

T=0—1
(rr) (L1) (o,0), (1,7) .
70 =2 (g o 1 ey ) G000, 0,00

(A.9)

Here we provide tables of reduced CG coefficients, Racah U-coefficients and others coeffi-
cients needed to obtains some intermediate results or otherwise useful in calculations.

A.2. Some CG for couplings of the type (1,1) ® (o,0) — (7, 7T)

The highest weight for the irrep (o + 1,0 + 1) in the reduction of the product (1,1) ® (o, 0)
is the product of the (1, 1) and (o, o) highest weights so that

<(1,1). (0,0) I (0+Lo+1) >:1.

21" (203 40) ' 2(0 + 1): (0 + 1) (A.10)

Some calculations also require the following expressions:

<(1,1)' (0,0) ” (0—1,0—1)>
1,0 20 —1—p; 1" 2(c — 1) —p;1

_(=pypRAtett 33421+ p+o)(1—21+p+0)
 8(o+1) (o +1)20 + 1)

x /(1 +2I —p+30)(—1 -2 —p+30)

(A.11)

<(1,1). (0,0) H (U+1,J+l)>
L0 2(c+1)—p—1;1"2(c+1)—p;I

(—1)p= 2ttt 33421+ p+o)(1 —21+p+0)
2(0+1) (c+1)(20+3)

x \/(3=21—p+30)(5+2I—p+30). (A.12)

13
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Table A1. <“">- o) ("+L';‘,’+1)>.

visl 2 o0

1,1). (0,0 o+1l,0+1
(vis1) (s ) (G581 i)

2.1 2:1 o+2) o+3)
(2: 1) (0 +2:1) B

(1;1) (c+151) (e+2)(c+3) / 1
2(o+1) 3(c+1)(20+3)
1;0 +1;0 (0+2) 3
(1;0) (o ) B
.1 .1 (o+2) 13
(©:2) (7:2) S GONACEE)

Some final analytical expressions for the decomposition (1,1) ® (¢,0) — (0, 0) are also
needed:

1;0 " 20 —p;1 " 20 —p;1

A L 1
200 +1) 0(a—|—2)<0(0+1) Z(p—o+2D)

(1L1)  (o,0) (0,0)
( || >,,=1

><(J—p—|—21—|—2)—%(p+0—21)(p+0+21+2)> (A.13)

<(1,1)_ (0,0) ” (0,0) >
1;0 "20 —p;1 " 20 — p;1 p=2
(—1)P+o=2/25 1 1

T 20+ 1)\/o(o £ 2)(20 1 3) (vte+ 1)

3 3(pto-2l)(p+o+21+2)
— 2 (p—o+2)o—p+2A+2)+ > )
g(p—ot2)(o—p+2A+2)+ 5 20+ 1)

(A.14)
A.3. Basic equation to evaluate Usys)

The basic equation to evaluate Uy,3) coefficients is [28]:

ST DY G (L 1,000), (7). (0.0):(1,0). (0.0)),

7] .1
vi; 1 20550 " 21557 »

s

:Z<(/\’O)' (0,2) H (0,0)><(1,1),(A,0)” (A.0) >

a A+ o—a 20;%0 vl a v, — 1+ a
(A, 0) (0,)) (r,7) > 1 1
X 5 Usu I,I,f ’I;ny
<l/1—1+a1 )\+(J’—a1 HZT;%T @ a2T b CZU

(A.15)
where p labels the copies of the irrep (7, 7) in the decomposition of the product (1, 1) ® (o, o).
Specifically, the irreps (o + 1,0 + 1) and (0 — 1,0 — 1) occur once so p is redundant, but the
irrep (o, ) occurs twice so when (7, 7) = (o, o) there is a sum of the two copies of this irrep.
Expressions for the relevant coupling coefficients can be found in tables A2 and A4.
In addition, we have:

1

1 1
Iazi()‘ial)’ Ibzi()\JFU*al)’ ICZE()\7V17GI+1)(A16)

14
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Table A2. <§jl'} o) z(i‘:)‘;g(’ﬂ'jl) >
(n:J) (13 1,) <(,,1]1,) o)) 2(((,"__1;;‘%’@'_)1)>
(2:3) (2(c—1);30—1) _%Jrl ((zc:;ll))
(2:3) (2(o = 1);30) %H\/E
(1;1) (20 — ;10— 1)) S - -
(1;1) (20 — 1;5(c + 1)) _L 0(5707:2))
(1;0) (20— 1;5(c = 1)) gy -
Table A3. <(,jl‘} @ ("*L’jj*”>.
(:7) (1) e
(2:3) (033) L=
(1:1) (0 —1,1) o(o=1)
2(o+1)y/3(c+1)(20+1)
(1,0) (c —1,0) ULH\/%
(0:3) (0—2:3) %\/%

Table A4. The SU(3) reduced CG <

(1,1). (o,0) ” (o,0)
vily > ml 20;%0

> . The p = 1 copy is chosen
P

using the usual convention that the SU(3) CGs agree with the Wigner—Eckart theorem
when the generators are considered as SU(3) tensors transforming by the (1, 1)
representation. The p = 2 copy is chosen to be orthogonal to the p = 1 copy.

L1). (o, (0.0) L1). (o, :
vishh nis b <(mll)’ (Z.Z) I z§;§a>1 <(u.11)’ (ZIZ) I 2(:; >2
I;1 20330 1 _V3 |20+l

2 \/ 2043
1;0 20; %0 1 /30 1 [ oot
2\ o+2 2\ (6+2)(20+3)
2;1 2¢ — 1,1 1 +2 320+ 1)
T2 o-la(@+l) V peEEeam) ot 1) (2053
2;% 20—1;%(0—1) [ (o+D) / 3
2(c+1)(c+2) 2(o+1)(c+2)(20+3)

In equation (A.15), the indices b* and ¢ are implicit and related to @ and v through

i1=A+o0—a,
C1:V1—1+al,

b;:)\—ag,
o= -—14+a

b3:)\—0'—a3 A 17
c3=v3—1+a;. (A.17)

On the right hand side, we need CGs of the type given in table Al. The Racah Uy, ) coef-
ficient is related to the Wigner 6j-symbol by

Ulabcd; ef) = (—1)*T0FTtd  /(2e + 1)(2f + 1) {

a b

4 (A.18)

e}_

c f
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Table A5. The SU(3) reduced CG < Rl [ >p.
(1,1 o,0 0,0 1,1 o,0
vy NiJ <u11.) (170) H )> <(y,1,)’ 00 H ( )>2
1 1 _1
%3 o+ 15z 2 \ % 20‘+1)(217+3
1;0 ;0 0 a(042)
(20+1)(20+3)
1,1 o;1 0 o(oc+2)
- (20+1)(2043)

0;1 c—1;4 1 V1L

2 2 2 2\ /(2o+1)(20+3)
Table A6. The Racah U-coefficients.
T p Up [(1,1)(A,0)(7,7)(0,A); (A, 0) (0, 0)],,
o+1 (o+1) 3(A—0)(A+0+3)

2 AXF3)(0+2)(20+3)
[oa 1 V3 [a(e+2)
2\ XO03)
o 2 (22 +3) o(oc+2)
2 AXOF3)(20+1)(20+3)
o—1 (o) [30—ot)(Atot2)
2 XO3)o(2o+1)

, L1). (A0 A0
Reduced CG’s of the type <(V1;1) ; (m )| u,(—lﬁa,

[11] and depend on three cases, which are also tied to the relation between 7 and o. It is also
useful to note the symmetry relation

> can be obtained from the algorithm of

< (A\0) (0, ) | (1,1) >
ajonaz’ A= B A = B, A — B3 ' imyss ]

1B 16 (1,1) ) (A 0) (A 0)

=1 ()\+1)()\+2)<717273;1’5152,ﬂ3 a1a2a3> (A.19)

which can be obtained from [11].

A31 vy =2 Ify, =2 thenl = % and 7 = o + 1. We can combine equation (A.10), use
equation (A.19) and the tables already provided to obtain

(L1) (X0), (A\0) 3 —ar + )(ar + 1)
<2,2 ap ”a1—|—1> \/ 2)1\()\+3)1 ’ (A.20)

1 1 1 11
Usu(2) Iaai +2 2(A+U )Ia_E»EO'

B A—ay)(oc+1)
__\/(A—a1+1)(0+2) (A.2D)

and evaluate the sum on the right of equation (A.15) as

16
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Uz ((1,1), (A 0), (0 + 1, + 1), (0, A); (A, 0), (0, 0))

(o +1) 3A—o)A+o+3) (A.22)
2 AA+3)(c+2)(20+3)°

A3.2.v1 =1 Whenv, =1, wehave I’ =0o0r I’ =1, and 7 = 0. For I’ = 0 we have:

CLU.@ﬁMMxm> 3 — A
L0 a a AN +3)

l 1
Usu(Z) (0 as 2 2()\+U ),10,2(7) 1,

(D, o)y o)y V3

1,0 " 20540 " 20310 ot 2V (e+2)”
<(1,1)_ (0,0) ” (U,a)> 1 oo +1) (A23)
10 20330 " 20540/ 2\ (0 +2)20+3)°
p=2

The sum on RHS of equation (A.15) can here again be evaluated in closed form to produce

V3

S 55 Vs (11 (1,0), (020),(0.2): (1, 0). (02 ) .y

o200+ 1) )
+¢40+@Qa+auwn«Lnxxmxmwxamxxmxm®»4

o(A+30+6)
220 +3)v/ A\ +3)

(A.24)

3A—a)(A—a; +2)
A(A+3) ’

1 —a1
U 1,1, = )\ Im 5

For I’ = 1, we find

(1’1).()\,0)
< ;17 a

l\)\'—‘

(1,1) (o.0) , (0,0) 1 (A.25)
<1'1’20'l0”20 0>_2 '
> 1) ’2
and this time
1
5 Ui ((1,1),(A,0), (9,0), (0, ): (A,0), (0, 0)) .,
V3 20 +1
- 20+3Usu(3)((1,1),(A,O),(U,U)»(OJ);(A,O),(U,U))pzz
_ A=0) [30(c+2) (A.26)

220 +3)\ MA+3)"

This system is inverted to obtain the final expressions

17
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Us(3) (1, 1), (1,0), (0,0),(0,A); (A,0), (0, 0)) .,
\f o(o+2) (A.27)
AN+3)°
Us(3) (1, 1), (1,0), (0,0, (0,A); (1,0), (0, 0)) ,_,

(20 +3) o(o+2) (A.28)
2 AA+3)(20+1)(20 +3) "

A33 v1 =0. Whenv; =0thent =0 —land I’ = % We now have

<(11)( )”( )> 3ai(A—ai +1)
0; a—1 20X +3)

> 2

and a few straightforward steps yield
Usu@) ((1,1),(A,0), (0 = 1,0 = 1), (0, 1); (A, 0), (0,0))

(c+1) [3(A=c+1)(A+0+2) (A.29)
2 AA+3)c(20+1)

Appendix B. Calculation of «* and 4" coefficients and their asymptotics

The coefficients a. 1(A; 7) have the following general form:

T+1

> B
A
o=1—1 F)‘

(G v [(1,1><A,0><T,T><0A>;<A’0><U’J>1l

I/]I
(B.1)
where the required four Racah coefficient are given in table A6. Using the SU(3) CG coef-
ficients of tables A3 and AS5, one obtains the explicit expressions

16

I e oy

VA=-T+1)A+7+2)
(r+1)(27+1)

Nab (N 7) = /37(1+2) (

2

B.2
_(T+2)\//\T\/)\+T+3+2()\ZT(T+2))> ©2
(T+ 127 +3) 4r(r4+2)+3 )
L (h:r) = T(1+2) _ -
Nay (X:7) (T+1)(2T+1)(2T+3)( 202+3)(r+1) (B.3)

+\/(A—r)(A+r+3)+(2T+3)\/(/\—T+1)(A+r+2)),
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32/ (A =T+ )(A+7+2)

Naig(Xi7) = T+ D@2r+1) B.4
20+ 3) (T + 21 3T +22VA—TVA+ T +3 (B.4)
ar(r+2)+3 (T+ D@27 +3) ’
Nay, (X7 — 1) = /37(7 +2) <T\/(/\(T_J:L)(12)£:+1)T+2)
(B.5)

VA= TVAF T +3 2(A+2T(T+2>+3)>
(T+ 127 +3) 47(T +2)+3 ’

where the normalization factor N is given in (18). The coefficients af 1(A; 7) are evaluated in
the same manner, yielding equation (42).

In the limit of large dimension of a representation the coefficients uﬁ;ﬁl (X\;71,1) can be
expanded in inverse powers of semiclassical parameter e:

Nab (N 7) = Nals (A7) ~ —er (7 +2), (B.6)
Naky(Ai7) = Nak (A 7,0) ~ % C3e(r(r42)+3), B.7)
R 3e
R 36
Nafy (A7) = Ny (m) ~V/3r(m +2) (14 5 ). (B.9)

Appendix C. Differential operators

C.1. The Casimir operator

286% 1 — cos (3) 987

- % (cos (B1) (cos (B2) — 1) — cos (B2) — 3) esc? (By) sec? <6l> 903

2
—2(2cot (f2) 4 csc(52)) % +csc? (%) sec’ (ﬂzl) 8@?8042
pe

+ 2 csc? (By) esc? (ﬁ2>8 — 2cot () csc? (62) 8(2 (C.1)
1

C.2. Anaturdjacency relations
(r.7)

wjl

tions of the type Df; (TT)TT)O(Q), i.e. we need to find differential operators S acting on these

We want to replace the functions D (Q) with differential operators S,/ acting on func-

functions so that

19
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Table C1. The relation between C,; and generators.

Caroyg Cis oot ~Cn

Ci0;1 Cr Ciit f% (é’zz — C%%)
Croz1 —Cx Ciito % 20, — Cpy — C33>
6‘021;% é‘21 6‘012;% 631

8D 10() x D) c2
v g (rr7)0 X ul;ol . ( . )

First we can recast this as follows. Let £ € {1, 8, as, 52} and start with

9 (r7) 0 R |
TQkDuJ;(T,TT)O(Q) = a0 ((r, ) |R(Y)| (T, 7)T77;0)

5 (C3)
= {(r, T),uJ|8—QkR(Q)|(T, T)777;0)
= ((r, T)uJ|k(Q) (Z cuI(Qk)@w) |(7,7)T7T;0), (C.4)

where table C1 gives the Cyr in terms of the C‘,]
Defined in this way, the operators C,; differ from the generators C',-j by at most a sign and
from the tensor operators Tl’\;yl by a normalization that is a function of the su(3) quadratic

Casimir invariant and the dimension of the irrep on which the tensors act.
From this we now have the general relation

0 - ~ ~
TQ](R“Z) = gcul(Qk)R(Q)CuP (C-S)

It is important to notice that this relation does not depend on the su(3) irrep so the coef-
ficients ¢,;(£2) can be found using any irrep. The most expeditious choice is the 3 X 3 irrep
(1,0). For this representation the operators C,; are orthonormal under trace:

Tr ((Corr) T Cut) = 60011t (C.6)
so we can easily write
A A 0
o () =Tr | (Corr)'RT(Q)==—R(Q) ) . (C.7)
O

The coefficients c,;(€2) are given in table C2.
To continue, it is convenient to divide the generators in two sets. The first contains ele-

ments in the u(2) subalgebra: {6‘120;1, Ciitits 6‘102;1, 6‘111;0} and will be labeled by roman let-
ters a, b, c . ... The second contains the remaining operators {6‘210;%, 6‘201;% 6‘021;%, 6‘012;%} and
will be labeled using Greek letters o, 5 . . ..

20
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Table C2. The c,;(£) coefficients of equation (C.5).

vl cl,l(oq) CVI(:BI)
210; % je—ilente) gip ( 2') <cos <72 + cos () sin? (%)) sin ({) Le—ilarta) cog (%) sin (%)
201;% —ioa gip (%) sin (B ) sin (62) sin (’%) —%e_i"‘z sin %) sin (%)
120:1 —je i sin (8y) sin (%) (COSZ (%) + cos (ﬁl)Sinz (%)) el gin? (%)
1L —2iy/2sin? %) sin? (%) (COS( 1) sin? (% + 1) 0
102;1 ie' sin (3)) sin? %) (0052 (%) + cos (B1) sin® %)) el gin? (%)
110 \/gsmz (g sin’ (%) 0
021;% —iei®2 gin (%) sin (81) sin? (%) sin (%) ée‘o‘z sin (ﬂ‘) sin (ﬂz)
012; % iel(@rte2) gin <%> cos? (/32) + cos () sin? (%)) sin (%) %ei(al-‘r‘lz) cos (gl ) sin (%)
vl CV,(OQ) CV[(/BZ)
210,% 1in—i(a+a2) o Br : _la—i(ag+az) o Br
zie sin { 5 ) sin (5,) 3¢ sin ( 5

2015 —1ie~io2 cos (% sin (3,) le7io2 cos (ﬁ‘ )
120:1 —Lie~i sin (B ) sin? (%) 0
111:1 icos(B) sin ( ) 0
102;1 v 0

’ lieio‘1 sin (8y) sin® (%)
1110 \/gsm (52) 0

1 . )
021; 3 1iel® cos % sin (3;) 1ei2 cos (%)
012;% %iei("“*‘”) sin (%) sin (532) %ei(a1+°‘2) sin (%)

Table C3. The d,; (%) coefficients.

vl =210; % vl =201;%
dyi(on) —1iei(o“+‘“) csc (%‘) csc (%) fel‘"2 csc (%) sec (%)
dui(Pr) —ellaita) oog (%) cse (%) —el® gin (62 ) cse (%)
dyr(a2)  _pjgilertar) gip (%) sin® (%) csc(Ba)  —asin (%) el (COt (B1) csc (72)
-2 (cos (B1) + cos (% + 1) csc (B1) esc (62))
vi(P2) —eilarta) gip (%) el cog (%)
vl =012;} vl =021;%
dyi(on) — Lje—i(aita2) g (&) cse <&) Te—iaz oge (&> sec (—‘)
2 2 2 2 2 2
dui () e—i(arta) oog (g‘) csc %) e ' gin (%) csc (%) csc (%
dui(a2)  _pje=i(eatan) gipy (% sin? (%) csc(By) zie " sin (%) (cot (Br) esc <%)
-2 (cos (B1) + cos ({) + 1) cse (B1) ese (ﬂg))
VI(/BZ) efi(erOéz) sin (%) e~ i cog (@)
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Table C4. The coefficients f3,.

B a=120;1 11151
012;% —2e~i(ata2) gipy (%) e—ilantar) gipy (%) tan (%)

x sin (B ) sin (’%) csc ( x% (sm (5’) cos (B1) sec (@ ) — 1)
021;% —ie_i(o‘ﬁm) sin (@) tan (%) \}Ee_“"z cos ( ) tan ( )

X (sec (ﬂz) (251n (ﬁz) cos (B1) + 1) + 3) X (sm (ﬂz) cos (B1) sec (%) )
20154 e " sinas(cot ap + i) _%elaz cos ( ) tan (%)

xsin By se (%) sin (%) esc x (s (2) cos iy sec (&) +1)
210;% el cog (7') tan (%) i(anten) gipy (%) tan (%)

x% (sec (%) (2sin2 (%) cos fB1 — 1) — 3) (sm (ﬁ—) cos [ sec (g ) — 1)
Je] a=102;1 111;0

1 ) .
012; 3 e '* cos (%) tan (%) %\/ge_‘(o“““”) sin (%) tan (%)
B
4

210; 5 1612 cos (%) ta

) ()1 (4
)

Table D1. The non-zero function coefficients ¢, in the operator
S = Yy (a0 0% /008 of equation (D.14).

Q; or (9, ) cq, Or ¢, Q; or (£;,9) cq, Or ¢,
B §tan (162) Ba %cot 51
(az, az) (tan (381) — m) (o1, 02) ~ TFeos A
(B2, B2) %(cosﬁz -1) (B1,51) 3

(a1, 1) 3 esc?(B1)
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Consider now

Zdﬁ (%) —R Q)
o o (C.8)
= " ds()ca(URQ) Ca + Y da(Q)ca()R(Q)C,
ka ak
and choose dg (%) so that
Zdb’(Qk)ca(Qk) = 0ga > (C.9)
k
so yielding
0 - - A . «
> d5(h) 50 R(Y) = RQ)Cp + > ds(u)ea( UR(Q) . (C.10)
k ak

If we recall from equation (C.3) that this sum will act on |(7, 7)777;0), and that |(7, 7)777;0)
is by construction annihilated by C,, we see that equation (C.9) is simply a linear system for
dg which can be easily solved. The solution coefficients dg(€2) are found in table C3.

With this:

& (7,7) (r,7)
81D (2 Zd (S%) 39 500, Pus (rrryo(€) (C.11)

where SV% is a differential operator that shifts the function DI(;J’ZTT)O(Q) to DLTJ’;)% (Q) up to

a proportionality term.
If we substitute equation (C.8) into equation (C.11) we find

& (r.7)
SV%D;LJ,(TTT)O(Q)

= {(m. T IR() (Q + Zdu;mk)ca(ﬂk)&a) [(r.7)rrT0)

ak

= (. RQ)C, (. 7)777:0)
= (. RO |7, 7)7 ) (. 7)7 518,47, 777730}
=D ()(r.7)7; %m% (7, 7)777;0) (C.12)

since Cu|(T,7)777;0) = 0.
Finally, we can evaluate ((7,7)7; %|E‘V% |(7, 7)777;0). It turns out that this expression is
quite simply expressed in terms of v:

1

(.75 51C, T +2)

2 s

where v and ¥ are related in table 2. Combining this with equation (C.12), we now have

(7, 7)77730) = (=1)"/? (C.13)

1
2

& () e T +2) e
$,.D Q) =(-1) ——— D

5 pudy(rT7)0 (Q) (C14)

é‘l, |(r,7)TTT;0) (C.15)

1
2
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where the SV% operators are of first order only.
Next we investigate adjacency relations of the form

S DT, (C.16)

11/21/3)1 w1l

and show, in agreement with the argument presented in section 3, that this operator is of sec-
ond order in the derivatives.
We consider

q¢ @ ploo)
SO‘SﬁDul;(UUJ)O (Q)

= (o, (T)/LJ|R(Q) <6‘a + Zda(Qk)Ca(Qk)6a> 6‘5|(O’,0’)O’00;0>,

ak
= ((0.0) I |R(Q)CaC5(0, 7)000:0)
+((0,0)d|R(2) Y ds()ca(%) CaCl(0,0)00030) . (C.17)
ak

Now, since C 5 is an element of the u(2) subalgebra, we have

CaCpl(0,0)000;0) = [Car Cpl|(0, 0)000;0) + CsC,| (0, 0)o00;0)
= [Ca» C5]|(0, 0)00030)
=Y &15C4l(0,0)00030). (C.18)
.

As we have for 6‘7

8,07 0(Q) = (0,0 I |R(Q)C5 (0, 0)0003 0), (C.19)

we find that

q @ ploo)
SO‘SBD;LJ;(UUJ)O (Q)

= ((o,0)uJ|R(Q) <ﬁ‘a + Zda(Qk)ca(Qk)&,> Csl(o,0)000;0)

ak
= ((0.0)uJ|R(Q)CaCp(0, 7)000: 0)

+ 3 da()ca(2)g)58vD 57 00 () (C.20)
ak~y

or

(SaSB - ZfaagZQSV) DELUJ’;L(T()IUJ)O(Q)
ay

(C.21)
= {(0.0)uIIR()CaC(0.0)00020).
where, for economy, we denote
Joa == ; do (Qk)ca(ﬂk) . (C.22)

These coefficients are given in table C4.
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C.3. The second order operator g (wm) f

In order to obtain operators which shifts the / label by 1, we work with products of the opera-

tors S 1.
If We consider

S(OZ])%S(ZIO)ID;(J,UJU(BTUU)O(Q)
= ((0,0)p; JIR(Q2 )C(OZI) 2101 |(0.0)000:0)

+ Zfou)‘

where the f,,, coefficients that appear in equation (C.23) are given in table C4. Using

Zf(OZI)%;a<(O—’ o) J|R

a

R [Ca Conps] 0. 0)000:0) . (c3)

() [CarCorny | (0. 0)000:0)

1
2

|(o,0)000;0)

f(021) (102) 1 <(0’U)/~L§J|R(Q)é(201)%
V2 3
+ <_2f(021);;(111)1 + 5f(021)%;(111)0 (C.24)

% ((0,0)11J IR 10, | (0, 0)5030))

1
2

= _f021) 102)lS 201)1DE:.7/"?0)'00') (Q)
V2
(\/>f(021) (111)0—*f(021) S(111)1 S(210) u](iaU)O(Q) (C.25)

and

(o, U>N§J|R(Q>6(021)%6(210)%‘(U»U)UUU§O>

_ _O’(O’ + 2) (g,((,) ) (Q) (C.26)
\/6 wti(o,0+1,0—1)1

we obtain the expression

U(O’ + 2) (0.0)
- \/6 Du];(o,a+l,o’—l)l(Q)

=9 021)1$ (210)1 ,LJ (270(7)0

f o,0
( f(021 ;(111)1 210)2 f(021 (111)08(210% LJ;(E;M)O(Q)

+F0m1) 1:0102) 201 1 s ryo () (€27
(2) (0.0)
= 81201 D)y ooy () - (C.28)

Similarly, starting with
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((0,0)p: J|IA€(Q)&(012)% 6(201)% (0,0)000:0)

U(O’+2) (0.0)
i D, ioo—tori(2) (C.29)

we easily reach

O’(U + 2) (0,0)
- \@ ,u.l;(o’,0'71,<7+1)1(Q)

=5 012)1$ 201)1DLJ(2,W)
V2 3 ) oo
* <2f ok + 4\ SomiamoSeont | Pyitremo(@)
=S} (120)1$(210) D(U’J(LW)O(Q) (C.30)
¢ (2) (0.0)
- S(102) IDMJ (a'o'o')O(Q) . (C.31)

Finally, we consider the action

((0,0); J|R(2) (&021;%6201;% + 6'012;%8210;%) |(0.0)000:0)
J(O’ —|—2) (0.0)
B \/§ ,uJ;(mJo)l(Q)
1 -

e (2) (o,0)
T \[S(m) 1D,u(gag) Q). (C.32)

We can then verify that
S(m IS201 ‘DW (300)(9)
= ((o, U)M’J|R( )6‘021~‘&201~1‘(‘7 o)ooo;0)
+ o2y L2001 (0 o) |R(92 )szl|(0' o)ooa;0)

3
(\/7f(021) (111)1+7f(021) ;(111)0

x {(o, a),uJ|IA€(Q)€’201;% |(0,0)000;0), (C.33)

=((o,0 M’J‘R )COZI ‘Czol ‘|(‘7 o)ooa;0)

f o,0
(\/7f(021) (111)1+*f021) (111)0 | D201;1 LJ(U)'UU)(Q)

+f(021) :(120)1 S210 ‘D,(u ((mg)(Q) (C.34)
where equation (C.15) has been used.

Duplicating the same steps, this time for $012 1 5210 1DL i (300

)(Q), yields
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S012 lS210 ‘Dw (300) (€2)
= ((o. o) (Q)sz;%czm;%‘(UvU)UUU;())
—Jo12) ;10201 <(U’J)NJ|R(Q)6201;5|(U’ o)ooo;0)

\[
<[fo1z) 1 — S fo Lo

% ((0.0) I |R(Q) Cargr1|(0.0)000:0) (€35)

= ((0,0) i J|R() Cop. 1 Cogr,tl(0,0)00030)

\/> o,0
(\/>f(012) (111)1_7f(012) ;(111)0 ) 2104 LJ((ZUU)(Q)

+fo2)t 10215201, ID/SJ (WU)(Q) (C.36)

Hence:

1 &2 o)
= 500 P oo

= (Sozl-lSzol-l _ﬂozl)%;(IZO)ISZIO;%) DS’;C(T;M)()(Q)

V2
(\/7](021) (1)1 Tf(on :(111)0 S201 ‘Dfu(c)ma)om)

(A %S 0. —Jo12) 1, 0102) 13201 )DEZ'-((T;W)O(Q)
V2 N
(\/7f012) 111) _7f(012) ;(111)0 551 10:4 M_](o-g-g)()(Q)' (C.37)

We can summarize equations (C.28), (C.31) and (C.37) as
§@  ploo) (Q)

131 pli(ocoo)0

1 + 51/2 51/3 o,0
= —0(c+2) %DL];&WS)I(Q) . (C.38)
Appendix D. Explicit form of equation (51) for aJ = (111)0 and (111)1

D.1. General expressions

For v{ = 0,2, define

4 L (1,1) —1\q

Saf;”f% T ZD(V{VZ'V{) ;ocJ(Q )S(V’Vz’/z)z (D.1)
7974

Sas = SAQJ;()% + Saf;zg (D2)

and denote by g(Q) = g(ay, 81, a2, 52). In this way equation (51) becomes
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24 . N A
i0,W;(Q) = —g wCalW,o(Q)  H= (T}, (D.3)
where
é:aJWﬁ(Q) = (@541 + égj)Wﬁ(Q) (D4

as per equation (51). €, itself is a sum, so for notational convenience define

(L1) —1\ &
04]01 - \[ZD(OVZD;)Z s )S(OVWS)%
vavs (D.5)
x ( (0Co) + (1)) 612,

_ (1.1)
04.12] - ZZD(ZI/zl/; sad )S(2V2V3)§
vavs (D.6)

: (L1) -1 6 §(2)
wn=S"D Q8
¢ J;11 ;;3 (1ra3)1; a]( ) (1 + 51/21(51/31)31”2”31 (D7)
x (ah (o) + alt (6 C2)) 65
é _D(l’l) (Q—l (AL )\é ~R )\é
ar:10 = D(111y0.00 ) (@A C) + ap(MCr) ) (D.3)
éal = é:aJ;O% + é:aJ;Z% + é:a-/ﬂl + éOd;l()' (D.9)
Note that
(i, (:Co) + 3, (0:C)) 6712 ()
r (D.10)
= (@, Co) + a8, (0 C)) € 1)
acting on any g(f2), so that
Coroy + Casay ) ()
_ pUD 01§ (1,1) e
- \/EZ( (OIJ2V3) al( )S(OV2V3)% _D(ZU21/3)%;041(Q )S(2V2V3)%)
x (G + 3 (0:6)) &2 (). (D.11)

D.2. (ad) = (111)0.

This is the case where H = (T(Al | 1)0)2 in equation (51). Let g(2) = g(au, f1, aa, B52) be other-
wise arbitrary; then we have

R . .13 0 -
S Cainour () = 1\/;&“2 1)o7 8(€2)- (D.12)
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Thus, we concentrate on the action of é(m)o;ull on g(Q). For the (v/,1) = (0,4) and (2,1)
we obtain

- . 9 (s-1)2
> Eanugy | 8(2) = —V3sing o (G178(9). (D.13)
As to the terms with (v],I) = (1,1) and (1,0), we find
é(lll)o;llg(Q)
(1) 0 (111)0 0 amo & amo &
<52 9B, T4 9p T 20052 T e 5oy a,

(1o 0? amo 9 amo 9%

T gz T e gar T ) g2
x G (ah (X Co) + af (6 G2)) 8(9). (D.14)

N 1 . L R
Cmonog(@) = 7(1+3cos o) (ah(hiC) + afy(x:C) ) g().  ©.15)

where the coefficients c(m)0 nd E}; 15)2 ) are given in table D1.

D.3. (aJ) = (111)1
This is the case where H = (T(Al 1 1)2 in equation (51). Here, we have

R i 0 0
(3(111)1> g(Q) = NG (M - 2(%[1> g(%). (D.16)

For terms with v{ = 0 and v/ = 2:
é(111)1;0% ()
1 0 0 i 0 0
= (—cosﬁl smﬁg +sinfi— + = (—2))

2 B 851 80[2 8&1
x (%L%(A;Cz) i (O Cz)) ¢y 7g(9), (D.17)
é:(lll)l;z% g(Q)
! 0 o i 0 )
= <—2 COS,B] s1n,32 B +Slnﬂ1 ﬁl i (([%‘Z2 _ ZC{M))
( iy (N Ca) + g (X Cz)) ¢ Pe()), (D.18)

the sum simplifies this time to

> Caous | 8@
=0

= ( cos (3 sin ﬂg 4

a5, +2smﬂla

7 > ¢ g(9). (D.19)
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As to the terms with v| = 1, we find

é:(lll)l 118(9)

\/§cos (81) (3 + cos(Ba))
4sin(B,) (T@ 2ot (B1) cot ( 62) ap )

[2csc2 (%ﬁz) sec? (%&) + cos (B1) <tan2 <%51> T sec? (%&))} aif%
(cos (B1) (cos (52) — 1) — 4) csc? (5) (é) e

8041 80&2
* V3

+%(Cosﬁz - 1)6735 Ty 08 (B1) (cos (B) + 3) esc? (&) o}

+

oty oty

2

+%c502(ﬂ1)882} (au()\ Co) + iR (X cz)) 2(Q), (D.20)

(;:(111)0;108(9)

I . , (D.21)
= 11+ 3cos ) (@ (0 Ca) + (4 C2)) 8(9).
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